Abstract. An endomorphism α of a ring R is called right (left) symmetric if whenever abc = 0 for a, b, c ∈ R, acα(b) = 0 (α(b)ac = 0). A ring R is called right (left) α-symmetric if there exists a right (left) symmetric endomorphism α of R. The notion of an α-symmetric ring is a generalization of α-rigid rings as well as an extension of symmetric rings. We study characterizations of α-symmetric rings and their related properties including extensions. The relationship between α-symmetric rings and (extended) Armendariz rings is also investigated, consequently several known results relating to α-rigid and symmetric rings can be obtained as corollaries of our results.
Introduction
Recall that a ring is reduced if it has no nonzero nilpotent elements. Lambek called a ring R symmetric [13] provided abc = 0 implies acb = 0 for a, b, c ∈ R. Every reduced ring is symmetric ([16, Lemma 1.1]) but the converse does not hold by [2, Example II.5]. Cohn called a ring R reversible [5] if ab = 0 implies ba = 0 for a, b ∈ R. Historically, some of the earliest known results about reversible rings (although not so called at the time) were due to Habeb [6] . It is obvious that commutative rings are symmetric and symmetric rings are reversible; but the converses do not hold by [2, Examples I.5 and II.5] and [14, Examples 5 and 7] .
Another generalization of a reduced ring is an Armendariz ring. Rege and Chhawchharia called a ring R Armendariz [15] if whenever any polynomials f (x) = a 0 + a 1 x + · · · + a m x m , g(x) = b 0 + b 1 x + · · · + b n x n ∈ R[x] satisfy f (x)g(x) = 0, then a i b j = 0 for each i and j. This nomenclature was used by them since it was Armendariz who initially showed that a reduced ring always satisfies this condition ([3, Lemma 1] ).
For a ring R with a ring endomorphism α : R → R, a skew polynomial ring (also called an Ore extension of endomorphism type) R[x; α] of R is the ring obtained by giving the polynomial ring over R with the new multiplication xr = α(r)x for all r ∈ R.
The Armendariz property of a ring was extended to skew polynomial rings but with skewed scalar multiplication in [8, 9] On the other hand, an endomorphism α of a ring R is called rigid [12] if aα(a) = 0 implies a = 0 for a ∈ R, and R is an α-rigid ring [7] if there exists a rigid endomorphism α of R. Note that any rigid endomorphism of a ring is a monomorphism, and α-rigid rings are reduced rings by [7, Proposition 5] . Any α-rigid ring is α-Armendariz [7, Proposition 6] , but the converse is not true, in general; every α-Armendariz ring is α-skew Armendariz, but the converse does not hold by [9 Motivated by the above, in this paper we introduce the notion of an α-symmetric ring for an endomorphism α of a ring R, as a generalization of α-rigid rings and an extension of symmetric rings, and study α-symmetric rings and their related properties. The relationship between α-symmetric rings and extended Armendariz rings is also investigated. Consequently, several known results are obtained as corollaries of our results.
Throughout this paper R denotes an associative ring with identity and α denotes a nonzero and non identity endomorphism, unless specified otherwise.
Properties of α-symmetric rings
We begin with the following definition. Observe that every subring S with α(S) ⊆ S of a right α-symmetric ring is also right α-symmetric; and any domain R is α-symmetric for any endomorphism α of R, but the converse does not hold (see Example 2.7(1) below).
The next example shows that the concept of α-symmetric is not left-right symmetric.
Example 2.2. Let Z be the ring of integers. Consider a ring
Note that for A = 0 1 0 1 and
Thus R is not reversible, and so R is not symmetric. Example 2.2 shows that the condition "R is reversible" in Proposition 2.3(2) cannot be dropped as well as there exists a right symmetric endomorphism α of a ring R such that R is not symmetric. The next example provides that there exists a commutative reduced ring R which is not α-symmetric for some endomorphism α of R.
Example 2.4. Let Z 2 be the ring of integers modulo 2 and consider a ring R = Z 2 ⊕ Z 2 with the usual addition and multiplication. Then R is a commutative reduced ring, and so R is symmetric. Now, let α :
Recently, the reversible property of a ring is extended to a ring endomorphism in [4] 
Corollary 2.6. Every symmetric ring is reversible.
Notice that for any positive integer n, "aα n (b) = 0" is equivalent to "aRα n (b) = 0", when R is a right α-symmetric ring with ab = 0 for a, b ∈ R: For, abr = 0 implies arα(b) = 0 for any r ∈ R. This shows that arα n (b) = 0 for any positive integer n and any r ∈ R from Theorem 2.5(1), and thus aRα n (b) = 0.
We remark that the converse of Theorem 2.5(1) does not hold. For example, the ring R with an endomorphism α in Example 2.2(1) is right α-symmetric.
In the next example, part (1) shows that there exists a right α-symmetric ring R for an automorphism α, but R is not semiprime and so not α-rigid, and part (2) illuminates that there exists a commutative domain and an α-symmetric ring R, but R is not α-rigid where α is not a monomorphism.
Let α : R → R be an endomorphism defined by
Clearly, R is not semiprime and hence R is not α-rigid. Note that α is an automorphism. Moreover, R is right α-symmetric: 
Then R is a commutative domain (and so reduced), but α is not a monomorphism. Since R is a domain, R is right α-symmetric for any endomorphism α of R. However, R is not α-rigid by [ (
Proof. The next result is a direct consequence of Theorem 2.10.
Corollary 2.11 ([10, Proposition 3.4]). Let R be an Armendariz ring. R is symmetric if and only if R[x] is symmetric.
Notice that the converse of Theorem 2.8(2) does not hold and the condition "R is an α-Armendariz ring" in Theorem 2. This is isomorphic to the ring of all matrices r m 0 r , where r ∈ R and m ∈ M and the usual matrix operations are used.
For an endomorphism α of a ring R and the trivial extension
is an endomorphism of T (R, R). Since T (R, 0) is isomorphic to R, we can identify the restriction ofᾱ on T (R, 0) to α. Note that the trivial extension of a reduced ring is symmetric by [10, Corollary 2.4]. For a right α-symmetric ring R, T (R, R) needs not to be anᾱ-symmetric ring by the next example. 
Recall that another generalization of a symmetric ring is a semicommutative ring. A ring R is semicommutative if ab = 0 implies aRb = 0 for a, b ∈ R. Historically, some of the earliest results known to us about semicommutative rings (although not so called at the time) was due to Shin [16] . He proved that any symmetric ring is semicommutative ([16, Proposition 1.4]) but the converse does not hold ([16, Example 5.4(a)]). Semicommutative rings were also studied under the name zero insertive by Habeb [6] .
Proposition 3.2. Let R be a reduced ring. If R is an α-symmetric ring, then T (R, R) is anᾱ-symmetric ring.
Proof. 
]). Let R be a reduced ring, then T (R, R) is a symmetric ring.
The trivial extension T (R, R) of a ring R is extended to a ring
for any n ≥ 3 and an endomorphism α of a ring R is also extended to the endomorphismᾱ :
The following example shows that T n cannot beᾱ-symmetric for any n ≥ 3, even if R is an α-rigid ring. In case of n ≥ 4, we can also prove that T n is notᾱ-symmetric by the same method as the above.
Recall that if α is an endomorphism of a ring R, then the mapᾱ : 
(2) It also suffices to establish necessity. Let (
Recall that R is a reduced ring if and only if for any a, b ∈ R, ab 2 = 0 implies ab = 0, and every reduced ring is semicommutative. We use these facts in the following.
Eq. (1) Since S is a domain, we get s 1 = 0, s 2 = 0 or s 3 = 0. In the following computations, we freely use the assumption that R is right α-symmetric with α(1) = 1. If s 1 = 0, then 0 = r 1 r 2 r 3 + s 2 r 1 r 3 + s 3 r 1 r 2 + s 2 s 3 r 1 and so 0 = r 1 (r 3 + s 3 )α(r 2 + s 2 ) = r 1 r 3 α(r 2 ) + r 1 s 3 α(r 2 ) + r 1 r 3 s 2 + r 1 s 3 s 2 . This yields (r 1 , s 1 )(r 3 , s 3 )ᾱ((r 2 , s 2 )) = 0. Similarly, let s 2 = 0. Then (r 1 + s 1 )r 2 (r 3 + s 3 ) = 0, and so (r 1 + s 1 )(r 3 + s 3 )α(r 2 ) = 0, and hence r 1 r 3 α(r 2 ) + s 1 s 2 α(r 2 ) + s 3 r 1 α(r 2 )+s 1 s 3 α(r 2 ) = 0. Thus we have (r 1 , s 1 )(r 3 , s 3 )ᾱ((r 2 , s 2 )) = 0. Finally, let s 3 = 0. Then (r 1 + s 1 )(r 2 + s 2 )r 3 = 0, and so 0 = (r 1 + s 1 )r 3 (α(r 2 ) + s 2 ) = (r 1 r 3 + s 1 s 3 )α(r 2 ) + s 2 (r 1 r 3 + s 1 r 3 ). This imply (r 1 , s 1 )(r 3 , s 3 )ᾱ((r 2 , s 2 )) = 0. Therefore the Dorroh extension D isᾱ-symmetric. Note that the condition "α(1) = 1" in Proposition 3.10(2) cannot be dropped by the next example. 
